Abstract Graph transformations proved useful for many algorithmic problems. In the present paper, we study this tool with respect to the maximum stable set problem. We first review available results on this topic and then propose an approach to uniformly describe and systematically develop graph transformations that do not change the size of a maximum stable set in the graph. The approach is illustrated by a number of new transformations.
Introduction
A subset of pairwise nonadjacent vertices in a graph G is called stable (or independent) . The cardinality of a maximum size stable set in G is called the stability number of G and is denoted α(G). The problem of determining a stable set of maximum cardinality finds important applications in various fields, including computer vision and pattern recognition. We refer to Bomze et al. (1999) for a review concerning algorithms, applications, and complexity issues of this problem.
A helpful tool to solve or simplify the maximum stable set problem is based on transforming a given graph G into a new graph G in such a way that the difference α(G ) − α(G) is easy to compute. A trivial example is given by the deletion of an isolated vertex, which reduces the stability number by exactly one. A more sophisticated example comes from matching theory and is known as the cycle shrinking (see e.g. Lovász and Plummer 1986) . This reduction is a key tool to solve the maximum matching problem, which is equivalent to the problem of finding a maximum stable set in a line graph.
The literature provides many more examples of graph transformations that can be useful for the maximum stable set problem. We give an overview on this topic in Sect. 2. Originally, these transformations have been described in different terms and have been obtained by different means. For instance, a good source of transformations preserving the stability number is the area of pseudo-Boolean optimization (Boros and Hammer 2002; De Werra and Hammer 2007) . Several interesting transformations of this type have been derived from Boolean arguments (see e.g. Hertz 1997). In the present paper, we exploit a purely graph-theoretic approach. Our purpose is to provide a uniform way to describe and develop graph transformations for the maximum stable set problem. To this end, we employ the notion of transformation plan, introduced in Alekseev and Lozin (2004) , and elaborate it in a non-trivial way. This elaboration leads to generalization of several previously known transformations.
An overview
Let us begin with the following simple introductory example. Assume a graph G contains a vertex x of degree 1 with the only neighbor y. Then, obviously, every stable set S containing y does not contain x, and hence, y can be replaced in S by x. Therefore, the removal of y from the graph does not change its stability number. By means of this operation any graph can be transformed into a graph that does not contain vertices of degree 1 and has the same stability number as the initial graph. For some specific graphs, such as trees, this leads to an efficient algorithm to solve the maximum stable set problem. This simple reduction admits many interesting generalizations, some of which are listed below.
Simplicial vertex reduction
A vertex x is said to be simplicial if the neighborhood of x is a clique. For instance, every vertex of degree 1 is simplicial. With the arguments similar to those used in the above introductory example, one can easily show that α(G − y) = α(G) for any vertex y in the neighborhood of a simplicial vertex x.
This reduction provides a polynomial-time solution for the maximum stable set problem in the class of chordal graphs (a proper generalization of trees), as any chordal graph contains at least two simplicial vertices (see e.g. Brandstädt et al. 1999 ).
2 Neighborhood reduction Let x and y be adjacent vertices in a graph G. Partition the remaining vertices of the graph into four subsets as follows (see Fig. 1(a) for an illustration): c x , the subset of vertices adjacent to x and nonadjacent to y, c y , the subset of vertices adjacent to y and nonadjacent to x, c xy , the subset of vertices adjacent both to x and to y, c ∅ , the subset of vertices adjacent neither to x nor to y.
If c x = ∅, then for any stable set S with y ∈ S, the set (S − {y}) ∪ {x} is stable too. Therefore, the removal of y from the graph does not change its stability number. This reduction has been discovered independently by many researchers under various names such as neighborhood reduction or elementary compression. Notice that in the special case when c xy is a clique the neighborhood reduction coincides with the simplicial vertex reduction. In Golumbic and Hammer (1988) , the neighborhood reduction has been used to reduce any circular arc graph to a special canonical form which allows a simple solution to the stable set problem, thus providing an efficient algorithm to solve the problem in the class of circular arc graphs.
